QI 04, Seminar 4

Produced with pdflatex and xfig

e One qubit rotations.

e Universality for one qubit.

E. “Manny” Knill: knill@boulder.nist.gov
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e Rotation gates rotate the state in the Bloch sphere
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e Rotation gates rotate the state in the Bloch sphere
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Rotations I

alo) + fl1) =

e=19/2 cos(0/2)[0) 0
+ €?/25in(0/2)1) ,
. 'Y
Y -rotations.

~(cos(6/2) —sin(d/2)
Yo (Sin(5/2) cos(5/2) )

o) cos(d/2)|o) + sin(d/2)[1)
1) } { —sin(6/2)|o) + cos(5/2)1)

X -rotations.
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( cos(9/2)  —isin(d/2)
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1) } { —isin(3/2)[o) + cos(d/2)[1)

2
«—|Top|—|—|TOC



A One-Qubit Network
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A One-Qubit Network

b=0 prob..5

q@ or

b=1 prob..5
(=" %o) +€"™/41))/ V2
(o) + 1))/ v2
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A One-Qubit Network

) 3 — .
| b=0 prob..5
} @ v or
b=1 prob..5
o) (e Ho) + ™/ H1)) V2

(o) +11))/v2

What rotation should be added before the measurement to
guarantee thatb =17
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The Pauli Matrices

e Define the Pauli matrices by

1 0
=0 1)

4
<—|BO’[|—>|H>|TOC



The Pauli Matrices

e Define the Pauli matrices by

i (10 (0 1
—\o 1/)7%7\1 o)

4
—|Top|Bot| —|—|TOC



The Pauli Matrices

e Define the Pauli matrices by

]1_10 0_01 0_0—2'
N0 1) 7% \1 0)”7Y \i 0)

4
—|Top|Bot| —|—|TOC



The Pauli Matrices

e Define the Pauli matrices by

]1_10 0_01 0_0—2' 0_10
~\o 1/ \1r o))" \i O0) % \0 -1

4
—|Top|Bot| —|—|TOC



The Pauli Matrices
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The Paull Matrices
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Properties of Pauli Matrices

e Define the Pauli matrices by
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Properties of Paull Matrices
e Define the Pauli matrices by
i (L0 (01 _ (0 =iy (10
“No1)% \10)7 i 0/) 7" o —1

e The Hermitian transpose of A = (a Z) is AT = (Z 2)

C

AN T
1 1471 B 1 0
For example, (O ; ) — (1 . —i)'
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Properties of Pauli Matrices
e Define the Pauli matrices by

]1_10 0_01 0_0—2‘ 0_10
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Properties of Pauli Matrices

e Define the Pauli matrices by

o (L Oy _(o1y (0 =iy _ (10
S\ 1) o\ o0 \d 0)7 % \0 -1
» _(a bY. ¢ (a ¢
e The Hermitian transpose ofA_(C d) Is A _(b d)'

ol = o,, that is, the Pauli matrices are Hermitian.
o =1.

The Pauli matrices anticommute:
OOy = —0yOgy, OyOy = —0,0y, 0,0, = —020.
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Properties of Pauli Matrices

e Define the Pauli matrices by

]1_10 0_01 0_0—2‘ 0_10
N0 1/ \1r o))" \i O0)> % \0 -1

. a b\ . a C
p— 1- p— — —
e The Hermitian transpose of A (C d) Is A (b d)'

ol = o,, that is, the Pauli matrices are Hermitian.
o =1.

The Pauli matrices anticommute:
OpOy = —0yOg, OyOy = —0,0y, 0,0, = —020.

The Pauli matrices form an operator basis:

(CCL 2) _ (a—l—d)]l_|_(b—|—c)0w_|_i(b—c) (a — d)

2 2 2




States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)

e The density matrix p for state x = (g) IS

p=x=(5) "= G 55)

|
@7&:\5“2
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)

e The density matrix p for state x = (g) IS

p=xr=(5) 7= (52 55)

p represents the accessible information about the state.
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States and the Bloch Sphere
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p represents the acceSS|bIe Information about the state.
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6

<—|Top|Bot|—>|H>|TOC



States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

e Examples:

6
—|Top|Bot| —|—|TOC



States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)

e The density matrix p for state x = (g) IS

() (2

p represents the acceSS|bIe Information about the state.

If y = e¥x, then yyT = e®xe xT = xxT.

e Examples:

o) —

(0)"" =00

6

<—|Top|Bot|—>|H>|TOC



States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

e Examples:

909+ )

6
—|Top|Bot| —|—|TOC
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States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)

e The density matrix p for state x = (g) IS

() (2

p represents the acceSS|bIe Information about the state.

If y = e¥x, then yyT = e®xe xT = xxT.

e Examples:
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0
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)

(1—0,)
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)

Z
Vi
e The density matrix p for state x = (%) IS - & —'Y

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
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Vi
e The density matrix p for state x = (%) IS - & —'Y

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)

Z
Vi
e The density matrix p for state x = (%) IS - & —'Y

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

{ o) — ll1+s) 1) — 11-o0.)

e Examples:
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States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

o) — 3(A+0.) 1) — F(A-02)
e Examples:
+) —
AN A T A N L 0)_ (01
2\1 S 2\1 1/ 2\\o0 1 1 0
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p=xr=(5) 7= (52 55)
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States and the Bloch Sphere
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e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.
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e Examples:
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)

Z
Vi
oﬂmdeMHmWRpﬁHﬂmeX:<;>B \\"¢‘\~y

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe mformation about the state.
If y = e¥x, then yyT = e®xe xT = xxT.
o) — (14 02) 1) — $(1—o0.)
e Examples: { +) — i(1+0,) ) — i(1-o0,)
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
vt
e The density matrix p for state x = (%) IS - & —'Y

£T
_ ext — (a) (@,B) _ (0454 ozﬁ)
P 8 Ba Bj

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

o) — s3(1+0.) |1) — 5(1-o02)
e Examples: +) — I(1+0.) |- — la-o.)
+i) = —5(lo) +[1))
2\ i 2\ 1
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States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

() (2

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

o) — 5(M+o0.) 1) — 3(1-02.)
e Examples: +) — I(1+0.) |- — la-o.)
+i) = —5(lo) +[1))

N —
DO |
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<—|Top|Bot|—>|H>|TOC



States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
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o The density matrix p for state x = (%) IS — h— Yy

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
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p=xr=(5) 7= (52 55)

p represents the acceSS|bIe mformation about the state.
If y = e¥x, then yyT = e®xe xT = xxT.
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
vt
e The density matrix p for state x = (%) IS - & —'Y

£T
_ ext — (a) (@,B) _ (0454 ozﬁ)
P 8 Ba Bj

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

o) — 5(M+o0.) 1) — 3(1-02.)
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States and the Bloch Sphere
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e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

() (2

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

o) — 5(M+o0.) 1) — 3(1-02.)
e Examples: +) — I(1+0.) |- — la-o.)
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States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

o) — 5(1+402) 1) — (1-0.)
e Examples: +) — I(1+0.) |- — la-o.)
—i) = —5(lo) —i[1))
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States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/?sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

p=xr=(5) 7= (52 55)

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

o) — s3(1+0.) 1) — 5(1-o0)
e Examples: +) — I(1+40.) |- — la-o.)
) |+2) — %(]1+ay) |—i) — %(]l_aiﬂ
—i) = —5(lo) —i[1))
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States and the Bloch Sphere

e~1%/2 cos(0/2)|0) + e'*/2sin(6/2)|1)

e The density matrix p for state x = (g) IS

() (2

p represents the acceSS|bIe Information about the state.

If y = e¥x, then yyT = e®xe xT = xxT.
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States and the Bloch Sphere

: : <
e~1%/2 cos(0/2)|0) + e'*/?sin(6/2)|1)
7
o The density matrix p for state x = (%) IS — h— Yy

() (2

p represents the acceSS|bIe Information about the state.
If y = e¥x, then yyT = e®xe xT = xxT.

e |¢) corresponds to @ on the Bloch sphere if and only if
the density matrix p for |¢) is given by

p=2(1+0-0) =314 uyoy + uyoy + u,0)
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 1S the probability of measuring o.
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).
o= (Pn 1012) _ (Oé@ aﬁ)
P21 P22 Ba BB)

p11 1S the probability of measuring o.
P29 1S the probability of measuring 1.
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

o= (Pn 1012) _ (Oé@ aﬁ)
P21 P22 Ba BB)
p11 1S the probability of measuring o.

P29 1S the probability of measuring 1.
tr(p) = p11+ p22 =1
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+p2 =1
8
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.
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p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oz@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.

o - ()
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oz@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oz@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.

RO N )
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.

[« [ o L () _Jo prob. o/o__/
V) (6) U<ﬂ> - <5> { prob. /7
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.

Q U o L[ _Jo prob. o/o__/
) (6)( ; U@( o (6’) {1 prob. 8/
Q 5‘76 U Q0 5475
= (5) v (5) "
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.

o U o A% o prob. o'o’

— — U — — _

v o= (3) _ (%) _ (5)-12 boo. 5
. Y ., [0 probs,

P Urt - F {1 prob. ph,
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.

,

/ ! !
) o o U (@ - cv, o prob. oz/o_z
3 15 15 | 1 prob. 5'p’
U . (o prob. o/,
UpUT = /
- F R P Hi 1 prob. ps5,
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa22 is the probability of measuring 1.

tr(p) = p11+ p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.

,

/ ! !
) o o U (@ - cv, o prob. oz/o_z
3 15 15 | 1 prob. 5'p’
U . (o prob. o/,
UpUT = /
P R P Hi 1 prob. ps5,

All accessible information is in p
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The Density Matrix

Let p be the density matrix for |¢)) = alo) + G|1).

_ (Pn 1012) _ (Oé@ aﬁ)
P P21 P22 Ba BB/

p11 Is the probability of measuring o.
pa2o is the probability of measuring 1.

tr(p) = p11 + p22 =1
e Accessible information. All information about |¢) is obtained

by applying operations and measuring.

,

/ !}
Qv U Qv . QL O DPIon. o «o
U - -
v (6) - <5> (5'%1 1 prob. 3/
( /
o p U U,OUT - P O Pron. ,0/11
| 1 prob. p),

All accessible information is in p
...and p can be determined from accessible information.
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Conjugation

p_.| I_'UpUT
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

, 6—i7r/4 0
o Example: U = Zggo = 75(]1 —10;) = ( 0 6m/4>’

P = %(]1 +03).
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

, 6—i7r/4 0
o Example: U = Zggo = 75(]1 —10;) = ( 0 6m/4>’

P = %(]1 +03).
UpUt = LULWUT+ Uo,UT)
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

| , | 6—i7r/4 0
o Example: U = Zgoo = 5(1 — o) = 0 ein/4)
UpUt = LULWUT+ Uo,UT)
= (14 Uo,U")
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

| , | 6—7,7r/4 0

e Example: U = Zgge = 75(]1 — zaz) — 0 eim/4 )’
P = %(]1 + 02).

S(UIUT + Uo,UT)

— % 1+ UU:,;UJr

—z7r/4 0 1 62'71'/4 0
T — .
UO_JUU ( z7r/4> <1 O) ( 0 67,7T/4>

UpUT

9
—|Top|Bot| —|—|TOC



Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

—im /4
o Example: U = Zgpo = —=(1 —i0,) = (e Y >

UpUT

Uo,UT

10:

V2 0 6z71'/4£

%(]l + 0,).

S(UIUT + Uo,UT)
(14 UU:,;UJr

—271'/4 0 1 62'71'/4 0
z7r/4 1 0 0 6—i7T/4
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

—im /4
o Example: U = Zgpo = —=(1 —i0,) = (e 0 >

UpUT

Uo,UT

10:

V2 0 6z71'/4£

%(]l + 0,).

S(UIUT + Uo,UT)
(14 UU:,;UJr

—271'/4 0 1 62'71'/4 0
z7r/4 1 0 0 6—i7T/4
—27r/4 0 6—i7r/4
0 z7r/4 6i7r/4 0
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

| , | 6—i7r/4 0
O Example. U = Zgoo — 75(]1 — zo'z) — 0 6@'77/4 ’
UpUt = LULWUT+ Uo,UT)
= {1+ Uo,U") = (1 + o)
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

—im /4
V2 0
p==2(1+0,).
UpUt = LULWUT+ Uo,UT)
= {1+ Uo,U") = (1 + o)

Simplify

o Example: U = Zgpo = —=(1 —i0,) = (e

0
6i7r/4 ’
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

—im /4
V2 0
p==2(1+0,).
UpUt = LULWUT+ Uo,UT)
= {1+ Uo,U") = (1 + o)

Simplify: o 5o=(%)

o Example: U = Zgpo = —=(1 —i0,) = (e

0
6i7r/4 ’
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

—im /4

V2 0

P = %(]1 +03).

UpUt = LULWUT+ Uo,UT)
= {1+ Uo,U") = (1 + o)

simplify:

ﬁx

o Example: U = Zgpo = —=(1 —i0,) = (e

0
6i7r/4 ’
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

—im /4
V2 0
p==2(1+0,).
UpUt = LULWUT+ Uo,UT)
= {1+ Uo,U") = (1 + o)

Simplify

o Example: U = Zgpo = —=(1 —i0,) = (e

0
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Conjugation

e [u] UpU*

Applying U conjugates density matrix p by U.

—im /4
V2 0
p==2(1+0,).
UpUt = LULWUT+ Uo,UT)
= {1+ Uo,U") = (1 + o)

Simplify: (o5&

o Example: U = Zgpo = —=(1 —i0,) = (e

0
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Conjugation

re [u] UpU*

Applying U conjugates density matrix p by U.

—im /4
V2 0
p==2(1+0,).
UpUt = LULWUT+ Uo,UT)
= 11+ Uo,U") = (1 + o)

Simplify:
)

o Example: U = Zgpo = —=(1 —i0,) = (e

0
6i7r/4 ’
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More Conjugation

180° rotation around an arbitrary axis.
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More Conjugation

180° rotation around an arbitrary axis.

90" ¢ =Ca-Yo0
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More Conjugation

180° rotation around an arbitrary axis.

)
II Z

—— g > ] le ,
X | .
/

N e

10
—|Top|Bot|—|—|TOC



More Conjugation

180° rotation around an arbitrary axis.

QEDIATAD O A,
II Z

0
Siﬂ(@)igbcos(ﬁ)) \; | y
X | "
e
N\
CiE
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More Conjugation

180° rotation around an arbitrary axis.

QEDIATAD O A,
II Z

0
I
' Y
((sm cos( S_llré 0) sin(¢), cos H)} \%\ y
T
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More Conjugation

180° rotation around an arbitrary axis.

O~ 7y,

X
II 2
v
sin (6 cos(0
— T D= .
X
0 ) /;
%
((sm cos S_llré 9 sm , COS H)} [ — AN
—Y

Rotation with axis 4 by angle ¢: T 9

rot(u,d) = cos(6/2)1 — ¢sin(d/2)(w - &).

10
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More Conjugation

180° rotation around an arbitrary axis.

O@-H~BC 7,

II z

6

—O<T T~
)

0) (¢
((sm cos( S_llré sin(¢), cos( )} —

Rotation with axis 4 by angle ¢:
rot(u,d) = cos(6/2)1 — isin(d/2)(u - 7).

Can implement any rotation with 5 major axis rotations.
..three are necessary and sufficient.

10
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U222
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.

2. UTU =1 implies |u11|2 =+ ‘U21|2 = 1:
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.

N , 2 _ 1. _ _ QOS(5/2) U12
2. UTU = T implies |uq1|® + |uo1] 1: Write U <€ze sin(6/2)  uas
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.

N , 2 _ 1. _ _ QOS(5/2) U12
2. UTU = T implies |uq1|® + |uo1] 1: Write U <€ze sin(6/2)  uas

3 (cos(d/2),e"*sin(d/2)) <’LL12) _o

U22
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uip U2
U1 U2 /)
1. May take u; to be real.

2,010 — imples s+ o — 1 Wit — (S5072) )
o (c08(8/2), 7" sin(5/2)) (um) _0
uz)
_— <QOS(5/2) —6’&76_“5111(5/2))
e“sin(6/2) €™ cos(5/2)
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uip U2
U1 U2 /)
1. May take u; to be real.

2,010 — imples s+ o — 1 Wit — (S5072) )
5 (c0s(9/2),e™*sin(3/2)) <u12) = 0.
U22
U = ( cos(6/2)  —eem Sin(5/2)>
— \efsin(6/2) e cos(6/2)
ei/2 ( o c0s(0/2) —e1 % e Sin(5/2)>
e~ /2 sin(6/2) e/ cos(6/2)
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.

YT i - 2 2 _ 1 i — .(:08(5/2) Y12
2. UTU = Timplies |uy1|* + [u21|* = 11 Write U = <€ze sin(6/2)  uas
5, (c08(8/2),e7*sin(3/2)) <u12> =0

U22
7 ( cos(6/2)  —eMeT' sin(5/2)>
-~ \e*“sin(0/2) e"’ cos(d/2)
oi7/2 ( e~ /2cos(8/2) —et/2eTie Sin(5/2)>
B e~ /2ei sin(5/2) /2 cos(6/2)

= (S ey ) (o )
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.

YT i - 2 2 _ 1 i — .(:08(5/2) Y12
2. UTU = Timplies |uy1|* + [u21|* = 11 Write U = <€ze sin(6/2)  uas
5, (c08(8/2),e7*sin(3/2)) <u12> =0

U22
o ( cos(6/2)  —eMeT' sin(5/2)>
e'“sin(6/2) e"" cos(0/2)
e1/2 ( e /2 cos(0/2) —e/2e Sln(5/2)>
B —17/2¢%€ 5in(§/2) /2 cos(6/2)

= e (G e ) (o 3)
= ”/2(0 (6/2)1 — isin(3/2) (cos(e)ay — sin(€)o,) ) Z
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.

YT i - 2 2 _ 1 i — .(:08(5/2) Y12
2. UTU = Timplies |uy1|* + [u21|* = 11 Write U = <€ze sin(6/2)  uas
5, (c08(8/2),e7*sin(3/2)) <u12> =0

_ cos(d/2) —6”262_“8111(5/2) V
V- <ei€sm(5/2) 6”005(5/2). ) . 8

e €% cos(6/2) e/2e ™ sin(6/2)

= P ( Cagenisty evtsomtss))

= e (G e ) (o 3)
= ”/2(0 (6/2)1 — isin(3/2) (cos(e)ay — sin(€)o,) ) Z
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.

YT i - 2 2 _ 1 i — .(:08(5/2) Y12
2. UTU = Timplies |uy1|* + [u21|* = 11 Write U = <€ze sin(6/2)  uas
5, (c08(8/2),e7*sin(3/2)) <u12> =0

un)
cos(6/2) —e"e *sin(d/2)

U= <eiesm(5/2) o cos(5/2) ) | 3
z-,y/z( e~ /2 cos(6/2) e/2e~ Sm(5/2)>
© \e e sin(3/2) /% cos(6/2) /

g2 [ cos(0/2) —e*sin(6/2)\ (e7/F 0
= & (eiesin(5/2) cos(6/2) )( et/ )
- 6”/2(008(5/2)]1—isin(5/2)(cos(e)ay—sm )
= e"?Z.YsZ_Z,
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Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — Uil U12).

U21 U22
1. May take u; to be real.

YT i - 2 2 _ 1 i — .(:08(5/2) Y12
2. UTU = Timplies |uy1|* + [u21|* = 11 Write U = <€ze sin(6/2)  uas
5, (c08(8/2),e7*sin(3/2)) <u12> =0

un)
cos(6/2) —e"e *sin(d/2)

y
U= <eiesm(5/2) o cos(5/2) ) | 3
ew/Q( e~ 2cos(6/2)  —et/Ze Sl1r1(5/2)>
e 7”7/26168111(5/2)' ny/2(308((5/2/
ins2 [ €OS(0/2)  —e*“sin(6/2) /2
= & (eiesin(5/2) cos(6/2) )( et/ )
- 6”/2(008(5/2)]1—isin(5/2)(cos(e)ay—sm )

= e"?Z.YsZ_Z,
= e2Z.Ys5Z.,

11
—|Top|Bot|—|—|TOC



Universality for One Qubit

Every unitary 2 x 2 matrix is proportional to a rotation.
[ — U1l U12).

Uu21  U22
1. May take u; to be real.

YT i - 2 2 _ 1 i — .(:08(5/2) e
2. UTU = Timplies |uy1|* + [u21|* = 11 Write U = <€ze sin(6/2)  uas
5, (c08(8/2),e7*sin(3/2)) <u12> =0

un)
cos(6/2) —e"e " sin(d/2)

v - G”(“(”zag i) o) X
em/Q e COS o

e~ /2ei sin(5/2) /2 cos(6/2)

_ /2 cos(6/2) —e"*sin(8/2)\ (e /2 0
e'“sin(0/2) cos(d/2) e/

- 6”/2(008(5/2)]1—isin(5/2)(cos(e)ay—sm )

= e"/?Z.YsZ_.7Z,

_ 6i7/2Z6Y5Z7—e
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